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Welcome to the first presentation of M433, Aspects of Abstract Algebra. We very 
much hope that you enjoy the course. 


This course was originally presented with course code M333 and was based on the 
first edition of Ian Stewart’s book, Galois Theory. Though it is now presented as 
M433, the original M333 code still appears on some of the material—most notably 
the Units (correspondence texts) and the Handbook. 


Since the course was last presented, Ian Stewart’s book has gone into a second 
edition and it is this second edition that we assume that you have. Amongst 
other things, the new edition corrected all the then known errors and misprints. 
Apart from this, the major difference between the editions, as far as this course is 
concerned, is the changed page numbering. As a consequence, page references to 
Stewart in the M333 Units and the Handbook are no longer correct. A list of the 
changes which need to be made is given below. If it is any consolation, this list is 
considerably shorter than the list of errors in the first edition. 


You should also note the change Stewart made in typeface used to denote well- 
known sets of numbers such as the integers, the rational numbers, the real numbers 
and the complex numbers. In the first edition, and consequently in all the M333 
material, these are in a sans serif font: Z, Q, R and C. For internal consistency, 
all OU produced material (including the 1995 exam) will use this font. The second 
edition, which you have, uses an open face font: Z, Q, R and C. I am sure that this 
minor difficulty will cause no problems. In my experience it is just the sort of thing 
which is almost bound to happen if you read two different texts on the same topic! 


Inevitably, the typesetting of the second edition has introduced a few errors. The 
ones that we have detected are given below. Should you detect any more we, and 
no doubt Ian Stewart, would be glad to hear of them so that we can add them to 
our list for future presentations. 


We have also included a list of the errata in the correspondence texts themselves. 


Lastly, the cassette tapes you have been sent were made for M333 and therefore 
were based on the first edition of the set book. We had considered not sending 
these, since there are slight problems again with page references. Instead, we have 
opted to issue this ‘health warning’ that they may cause a few minor problems and 
leave you to decide on their use. My own view is that they are certainly worth the 
extra effort. Advice on any specific changes is given in the Block Guides. 


I very much hope that we have managed to anticipate any problems which may 
arise from the changes in the set book. If you do encounter any difficulties, please 
let me know by writing to me at the Faculty of Mathematics and Computing. 


Perhaps you are wondering why we did not rewrite the units to match the second 
edition of Stewart. Ideally, that would have been our first choice. However, with 
limited resources the choice was between doing what we have done, or dropping 
Galois Theory from our profile for the foreseeable future. We all thought that the 
course was too good to lose, and hope that you will feel the same way. Galois 
Theory is, after all, the greatest achievement of nineteenth-century algebra. 


Best wishes for a successful year. 


Mh bool 


Bob Coates 
M433 E & A Board Chair 
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1. Maths Miscellany — Sex, Lies and ... Lots more 


Extend your OU listening to include the 1995 series of the weekly magazine pro- 
gramme ‘Mathematics Miscellany’, which casts a mathematical eye on activities, 
professions and pastimes both familiar and obscure. 


The series has been running now for six years and is designed for general interest 
(not course-related) listeners. In 1995 there will be eight new programmes to be 
broadcast on Sunday evenings, Radio 4 (long wave), around Easter time. 


Dates Before Easter: 2nd and 9th April 
Dates After Easter: 23rd April until 28th May 


It will be possible to get cassette recordings of this and previous series. Details of 
the full Maths Miscellany library can be obtained by sending a stamped addressed 
envelope to: 


Maths Miscellany 

BBC Open University 
Walton Hall 
Milton Keynes 
MK7 6BH 


If you are already on our mailing list you will automatically receive the new cata- 
logue. 


2. The University Scale 


Your assessment marks for this course will be marked on the University Scale. Below 
we quote the official description of this scale from The Undergraduate Student 
Handbook 1993. 


Your performance in all assignments and examinations is recorded and reported 
back to you by the means of the numerical University Scale: 


Band University Scale Score Performance Standard 

A 85-100 Pass 1 

B 70-84 Pass 2 

C 55-69 Pass 3 

D 40-54 Pass 4 

E 30-39 Bare Fail 

F 15-29 Fail 

G 0-14 Bad Fail 


It has been our experience in the Faculty of Mathematics and Computing that 
students usually score better on continuous assessment than in the examination. A 
major reason for this is that the questions set in assignments on most Mathematics 
and Computing courses, can, in principle, be answered 100 per cent correctly using 
the information in the relevant course units. Of course, students rarely do answer all 
questions in an assignment correctly; but it is only to be expected that high scores 
will often be obtained and, in particular, higher scores than are usually obtained 
for courses in other faculties. We try to ensure that examination questions are no 
harder than continuous assessment questions, but, even so, it is quite a different 
matter to tackle similar questions under examination conditions. 


You should bear in mind this discrepancy between examination and continuous 
assessment scores when trying to predict your final grade on the basis of your con- 
tinuous assessment score. As a very rough guide, it may help you to know that the 
mean overall continuous assessment scores on Mathematics and Computing Fac- 
ulty courses in 1993 (the latest year for which figures are available) ranged between 
72.57 and 91.33 per cent, while the mean examination scores ranged between 51.24 
and 74.21 per cent. We anticipate that similar differences will obtain this year. 


We should like to emphasise that there is no reason to be concerned about this 
discrepancy, which is anticipated by the Examination and Assessment Board for 
your course and taken into account in deciding your result status, as described in 
The Undergraduate Student Handbook. 


3. The M500 Society 


If you are interested in mathematics, joining the M500 Society could be a way of 
alleviating the isolation of studying alone. It is a society for OU students, staff and 
friends, which through a magazine published several times a year, provides a forum 
for discussion, comment and argument, as well as fun! 


The Society also publishes a directory of members who agree to be sources of 
help and advice on listed courses. It runs a popular weekend each September for 
examination preparation, for which members are entitled to discount, as well as a 
weekend in January for mathematical fun. 


Current subscription: £9.00 


Enquiries: 
Name: Glenda Franklin 
Position in society: New Members Secretary 
Address: 16 Warbank Close 
Alvechurch 
Birmingham 
B48 7PA 


4. Record-a-call Service 


A message recording system is available in the Faculty of Mathematics and Com- 
puting and you may record messages by telephoning (0908) 653243. When the 
number answers you will hear: 


“Hello, this is the Maths Faculty Telephone Answering Service, please leave your 
name, address, telephone number as well as your personal identifier and course 
code. Please speak slowly and clearly and begin your message after 5 seconds, 
Thank you.” 


MANY MESSAGES RECEIVED VIA THIS SERVICE ARE INCOMPLETE OR 
UNCLEAR. PLEASE TAKE CARE TO FOLLOW THE INSTRUCTIONS IN 
THIS PRE-RECORDED MESSAGE EXACTLY. 


THIS SERVICE MAY BE USED ONLY BETWEEN 17.00 AND 09.00 MONDAY 
TO FRIDAY. A 24 HOUR SERVICE IS AVAILABLE ON SATURDAYS AND 
SUNDAYS. 


5. Telephone Tutorial Service 


Throughout the year, members of the Mathematics and Computing Faculty are 
available to answer questions about mathematics courses. Below is a list of names 
of people who have volunteered to answer questions about M433 their telephone 
numbers and the times when they are usually available. 


Feel free to use this service, but please note the following. 


(a) Your tutor, if available, should normally be the first contact for a course-related 
query. The telephone tutorial service is a back-up facility. 


(b) Please do not call outside the times listed, since the people involved will not 
then be expecting your call and may be engaged in other activities. 


(c) The people on the list undertake to be available normally at the times listed, 
but other commitments may make them unavailable on certain occasions. 


(d) Although TMA questions are not excluded as sources of queries, you should 
expect the amount of information provided in response to such a query to 
be limited, in fairness to other students. (TMAs should be substantially your 
own work, since the grades obtained on them count towards your overall course 
assessment.) 


When you use the telephone tutorial service, please mention first that you are 
calling about M433; the people may be answering questions about several courses. 
It is a good idea to have a pencil and paper handy, and any course material which 
may be relevant. A text reference is usually a helpful starting point. 


Name Day Time Tel number 

Bob Coates Monday | 19.00-21.00 Mees 0993 811173 
Derek Goldrei | Monday | 18.00-20.00 | (Oxford) 0865 59403 

Bob Margolis | Thursday | 19.30-21.30 | (Yateley) 0252 871077 
Chris Rowley | Any 20.30-22.30 | (London) 071 485 6623 


6. Phone Codes 


As you are probably already aware 16th April 1995 is ‘Phoneday’. 
On this day the current UK STD phone codes will be replaced by new codes. 


In most cases the change is simply the inclusion of the digit 1 after the first digit 
of the current code (0). For example, this is the case for Milton Keynes which will 
change from 0908 to the new code of 01908 and also for inner London which will 
change from 071 to the new code of 0171. 


The old international code of 010 will also change to 00. 


Five UK cities will have completely new codes: Leeds, Sheffield, Nottingham, Le- 
icester and Bristol. For example: 


Leeds 0532 453333 will become 0113 245 3333 
Sheffield 0742 757903 will become 0114 275 7903 
Nottingham 0602 414123 will become 0115 941 4123 
Leicester 0533 628092 will become 0116 262 8092 
Bristol 0272 277648 will become 0117 927 7648 


The new codes are already operational and will work in parallel with the current 
ones until 16th April 1995 when the old codes will cease to be operational. 


Errata 


7. CORRECTIONS TO REFERENCES TO STEWART IN M333 UNITS 
Corrected references are to Stewart, Galois Theory, 2nd edition (1989) 


Page Location Correction 
Unit 2 48 line —7 Chapter 1, up to end of Section 1.3 (pp. 1-6). 
Unit 3 36 lines 2-4 . read Stewart, Chapter 1, Sections 1.4 and 1.5 (pp. 6-13) and 
Chapter 2, up to end of Section 2.3 (pp. 16-24). 
Unit 5 19 line —12 Read Stewart: Chapter 3 (pp. 29-41). It may be helpful to read the 
Overview (pp. xxv—xxx) first. 
19 Problems These exercises are in Stewart on pp. 41-42. 
5.9.1-5.5.5 
Unit 7 i line —5 Read Stewart: Chapter 7, from p. 71 to end of Example 2, half-way 
down p. 73. 
9 line 16 Read Stewart: the remainder of Chapter 7 (pp. 73-75). 
Unit 8 13 line 2 Read Stewart: Chapter 8, up to end of Section 8.1 (pp. 77-81). 
14 line 2 Read Stewart: Chapter 8, Section 8.2 (pp. 81-83). 
14 line 18 Read Stewart: Chapter 8, Sections 8.3 and 8.4 (pp. 83-87). 
Unit 9 16 line —12 Read Stewart: Chapter 9 (pp. 89-94). 
20 line —9 . in Stewart, p. 93, Example 2 
Unit 10 22 ine-20 Stewart, p. 39, Theorem 3.8 ... 
23 line 16 Read Stewart: Chapter 10, up to end of Section 10.1 (pp. 96-98). 
24 ine 12 Read Stewart: Chapter 10, Section 10.2 (pp. 98-102). 
Unit 11 31 ine 2 Read Stewart: Chapter 11 (pp. 104-107). 
31 line4 . index of a subgroup is on page 105 ... 
31 ine 18 Read Stewart: Chapter 12 (pp. 108-112). 
31 ine 19 Notes on Stewart: p. 109, Step 4. 
Unit 12 37 line 11 Read Stewart: Chapter 13, up to end of Section 13.1 (pp. 114-117). 
37 line 12 ... Definition and Examples on pp. 114-115. 
39 line —3 Stewart, p. 116... 
40 lines 7, 8 Read Stewart: Chapter 13, Section 13.2 (pp. 117-120). 
41 lines 2-4 Read Stewart: Chapter 13, Section 13.3, p. 120 to the end of the 
discussion of the definition on p. 123, then the statement of 
Theorem 13.14 on p. 124, and finally the example at the foot of p. 124. 
41 line 5 We are omitting much of Stewart pages 123-124 ... 
41 line 10 . Stewart pp. 123-124... 
Block II 43 Problem 8.3.2 . Example 2 on Stewart, page 84. 
Hints 
Block II 47 8.1.2(iv) . [See Stewart: page 81.] 
Solutions 49  8.3.1(iii) . [See Stewart: page 84.] 
50 9.1.4 .. [See Stewart: page 73, Example 2.] 
57 12.1.6(i) line 3 . Stewart page 116 is 
57 12.1.6(ii) line 1 . Stewart page 116 is 
58 12.3.4 line 1 . notation of Stewart page 110, 
59 12.3.6 line 8 . notation of Stewart page 110, ... 


Page Location Correction 
Unit 13 7 line 5 Read Stewart: Chapter 5 (pp. 51-57). 
G line 11 page 52 of Stewart ... 
8 line —15 Read Stewart: Chapter 17 (pp. 162-174). 
8 line —13 page 173... 
Unit 14 12 line —8 on page 146... 
12. lines —4, —3 . introduced in Section 2.4 (page 24) ... 
2 margin note ... definition on p. 144 and continues to the bottom of p. 147... 
3 st margin note Replace by: See Definition at foot of page 135 and Example and 
Proposition on page 136. 
3 2nd margin note Page 93 and Chapter 12 of Stewart. 
4 ine 3 Read Stewart: Chapter 14, up to end of Section 14.2 (pp. 127-133). 
4 ines 4, 5 Note that, in this edition, the old Lemma 14.2 has disappeared, old 
Lemmas 14.3-14.5 have been relabelled as 14.2-14.4, and a new 
Lemma 14.5 has been introduced. 
4 2nd margin note Lemma 17.9 on page 168... 
4 ines —7, —6 ... Lemmas 14.3 and 14.4... 
5 ines —12, —11 Read Stewart: from the statement of Theorem 14.6 on p. 133 to end of 
Chapter 14 (p. 136); and the statement of Theorem 15.10 on p. 146. 
Unit 15 20 2nd margin note Theorem 2.8 is on Stewart p. 24. 
20 line —8 Read Stewart: Chapter 16, up to end of Section 16.1 (pp. 155-157). 
20 last margin note See Exercise 1.6 on p. 13 of Stewart. 
22 4th margin note See Stewart p. 158 for the definition of e(G). 
24 ~~ line 7 Read Stewart: Chapter 16, Section 16.2 (pp. 157-159). 
Unit 16 28 line 2 ff. The old Chapter 18 has been relabelled Chapter 19, so all references to 
Chapter 18 should be changed accordingly. 
The new Chapter 18 (‘Calculating Galois Groups’) is NOT part of this 
course. 
28 2nd margin note See Section 4.2, page 48. 
29 line 1 Read Stewart: Chapter 19 (pp. 185-188). 
29 Problem 16.1.5.T (Stewart: Exercise 19.1.) ... 
29 line —21 Section 4.2, p. 48... 
31 2nd margin note Transcendental is defined on Stewart p. 34. 
32 1st margin note ... Lemma 16.2 on p. 156... 
34 2nd margin note ... Proposition 8.6 on p. 86... 
36 1st margin note Simple extensions are defined on p. 33... 
Block III 39 Problem 14.2.3 See page 129 of Stewart. 
Hints 39 Problem 14.2.5 Use the proof of Lemma 14.3 ... 
41 Problem 16.1.3 Use Lemma 19.1... 
Block III 44 13.1.2(b) It is shown on page 54... 
Solutions 45 13.2.4 line —7 page 165... 
AG) 1423 The answer is no, as is suggested by the second paragraph on p. 129, 
starting from ‘The second is ...’. 
46 14.2.5 ... the proof of Lemma 14.3 ... 
47  14.2.6(iv) line 4 Therefore Lemma 14.4 ... 
51 Ere NSG line 3 ... Lemma 19.1... 


CORRECTIONS TO M333 HANDBOOK (Edition 1.5) 
Corrected references are to Stewart, Galois Theory, 2nd edition (1989) 


Page/Col. Location Correction 
7/1 line —14 Line should be (a) ={a-k:k € R}. 

12/2 line 7 page 6 should be page 5 

25/2 line 2 page 44 should be page 40 

33/2 lines —2, —1 (Stewart: Lemmas 7.2.1 and 7.2.2.) should be (Unit 7: Lemmas 7.2.1 
and 7.2.2.) 

35/1 Result 1 L: K is normal if and only if should be L: K is normal and finite if and 
only if 

35/2 Result 5 page 93 should be page 84 

42/1 line 18 F,=22"+1 shouldbe F, =2?" +1 

43/2 lines 12-15 Suppose ... Lemma 14.2.) should be If K has characteristic zero and L: K 
is normal and radical, then I'(L: K) is soluble. (Stewart: Lemma 14.5.) 

43/2 line 18 Lemma 14.3 should be Lemma 14.2 

43/2 line 2 Lemma 14.4 should be Lemma 14.3 

43/2 line 24 Lemma 14.5 should be Lemma 14.4 

44/1 line 5 If p... over Qis should be If pis prime and t? — a is irreducible in Q[t], 
then the Galois group of t? — a over Q is 

44/ line —7 Lemma 16.1 should be Theorem 16.1 

44/2 line 17 Theorem 14.4 should be Theorem 16.4 

46/ Results 1, 2 Lemma 18.1 should be Lemma 19.1 

46/ Result 3 Lemma 18.2 should be Lemma 19.2 

46/ Result 4 Lemma 18.3 should be Lemma 19.3 

46/ Result 5 Theorem 18.4 should be Theorem 19.4 

46/ Result 6 Corollary 18.5 should be Corollary 19.5 

46/ Result 7 pages 53-54 should be Section 4.2, p. 48 

46/ Add these results 11. In an ordered field, if m < 0 then —m > 0. (Problem 16.1.2.) 


12. In an ordered field, —1 cannot be a square. (Problem 16.1.3.) 
13. The fields A, of algebraic numbers, and C, of complex numbers, are not 
ordered fields. 


ERRATA IN AND ADDITIONS TO STEWART 
For Stewart, Galois Theory, 2nd edition (1989) 


Page Location Correction 
xxviii last line aand y should be œ and ĝ 
21 ine —10 image is irreducible should be image is reducible 
31 ast line Insert: M was shown to be a field in the previous example. 
32 lines 1-9 Note: pqrs £0, so a, B, z #0 and zy, wv #0 
32 end of line 8 Insert: and therefore € L 
33 line 17 14i- 2V5 should be 141+ 2V5 
33 line 19 144 — 2V5 + 2(i+ V5) =16i should be 14i + 2V5 — 2(i + V5) = 12i 
35 line =13 pis unique should be this polynomial is unique 
39 line 8 t—3/13(t+4) should be Ș(t-3)(t +4) 
47 ine 7 unless a=b=0 should be deleted. 
56 Fig. 14 The three lower angles should each be 1/9. 
67 ine 6 s=rp—1 should be s=r(p—1) 
75 ine 15 together with k should be together with Q 
86 lines 11,12 Ifso,... Df=0 shouldbe Since f is irreducible over K, and Df has 
smaller degree than f, this means that f is inseparable over K if and only if 
D= 
86 line 15 all integers n >0 should be all integers n where m > n > 0 
90 line 3 comparing the two should be comparing the two when « 4 0 
94 ~—s line 6 basic elements should be basis elements 
100 line 5 an automorphism @ should be a K-automorphism ø 
109 line 1 o(€)+%& should be o(€) =i 
110 lines 5, 6 o?, rand o,r should be or and o?r 
118 line 1 like (1) should be like (13.1) 
119 line 16 x+(12)(34)p should be «x = (12)(34)p 
119 line 18 (t~tat)a—! + (14)(23) should be (t~txt)a—! = (14)(23) 
128 line 13 is radical should be is expressible by radicals 
128 line 22 Insert: and af) € K 
128 line —2 M:k shouldbe M:K 
29 line 10 Exercise 14.7 should be Exercise 14.6 
29 line —9 an) E€ K(ay,...,a:-1) should be for1<i<r, and ont?) EK 
29 line —6 By Proposition 10.2 should be By Theorem 10.1 
129 line —5 a; is radical should be œ; is expressible by radicals 
129 line —4 therefore sois M should be therefore M : K is radical 
130 line —2 at € K(ay,...,0i-1) should be forl<i<r,and a ek 
32 line 9 Since M : Ko is radical, should be Since M: K is radical, so is M : Ko; 
34 diagram Note: curve should cross x-axis between —2 and —1, not when x < —2. 
140 last line Bis algebraic should be 3, is algebraic 
142 ine —10 KE(Giecs Gayla) COMMS TE Cigars Shoat) 
46 line —4 Lemma 14.4 should be Lemma 14.3 
59 line 19 a=ba shouldbe a+ba 
169 line 4 are odd primes should be are distinct odd primes 
169 line 11 by Theorem 17.3 should be by Lemma 17.5 
169 line —4 Lemma 14.4 should be Lemma 14.3 
73 last line 49E + OE =tanġ should be 49% = 9% = tang 
175 line 3 arccos{...} should be arccos[(5/3 — 1)/10] 
79 line 14 b=... should be b=s}s3 +9s3 — 6315283 + 33 


Page Location Correction 

181 line —11 Define should be Define oz and oq, for each o € Sn by: 
181 line —7 s#T shouldbe o $r 

182 line —4 y—B shouldbe t-—$ß 

183 lines 3-4 ya! shouldbe yz" 

198 line 12: M* Galois group of M:K should be Galois group of L: M 
198 line 19: p p should be (a 

198 line 20: r Delete this line 


ERRATA IN BLOCK I (Units 1-6) 
Code E: Error, O: Omission or Obscurity 


Code Page Location Correction 
Unit 1 O 19 line 12 intuitive version should be intuitive consequence 
(0) 20 line10 inductive axiom should be inductive property 
Unit 2 E 40 under figure in codomain should be domain z 
margin 
Unit 3 © 11 end of page Add Appendiz 1 (see page 11). 
E 28 Definition Should be If f is a polynomial and f(a) = 0 then we say that a is a 
zero of f and that a is a root of the polynomial equation f(t) = 0 
(0) 28 Theorem 3.5.1 Should come before the two lines preceding it 
(0) 34 Problem 3.6.1(vi) Delete is a zero of t? — 2 in the sense that 
(0) 35 whole page Replace by Appendiaz 2 (see page 12). 
O 41 line 4 of Add by Theorem 3.1.3 
Solution 3.2.2(iii)(c) 
(0) 41 last line of Add by Theorem 3.1.3 
Solution 3.2.3 
Unit4 E 15 Theorem 4.2.5(vii) S must be non-empty 
(0) 25 line12 You might like to add a margin note: A is the capital Greek letter 
lambda 
(0) 32 2nd paragraph Add the margin note Example 4 on page 8 
(0) 33 lines 6, 7 Replace a with B (three occurrences) 
O 33 lines 7, 8 Replace Letus... 7/4 with Let us replace 8 with <2, the real 
cube root of 2, so that 8? is replaced by y4 
O 34 Theorem 4.5.1 Add the margin note This important result will often be referred to as 
the Degree Theorem. Note that both [M : L] and [L: K] divide [M : K]. 
Unit 5 O 18 line 6 of that is should be moreover (because the second statement is more 
Theorem 5.5.1 precise than the first) 
(0) 19 below diagram in This choice is only on the effect of u on a, because the diagram already 
Theorem 5.5.2 forces |; to be X 
(0) 23 Solution 5.4.1 Add (at the start) This result is a special case of Corollary 3.1.4. The 


details of the proof are as follows. 


ERRATA IN BLOCK I! (Units 7-12) 


Code Page Location 


Correction 


Unit 11 (0) 33 end of page 


Unit 12 E 40 Problem 12.2.4 


Solutions © 48 1st line of 
Solution 8.1.4 


E 58 Solution 12.2.4 


Add the following. 


Summary of the Fundamental Theorem 


As we have seen in the Problems, it is helpful to think of the 
Fundamental Theorem as saying that if either the subgroup lattice or 
the intermediate field lattice is turned upside down, you obtain the 
other one. Also, at corresponding points in the lattices, degrees of 
extensions correspond to indices of subgroups. 

oreover, normality anywhere in either lattice carries over to the 
other: i.e. Hy is a normal subgroup of Hp if and only if H : Hy isa 
normal extension. In such a case P(H} : H}) S Ho/Hy. Stewart 
actually proved this only for the case Hy = G. The general case follows 
because L: HE is a finite separable normal extension. 


After group G insert and neither contains the other 

Add The inductive hypothesis is that the theorem is true for any 
splitting field of any monic polynomial whose degree is at most (n — 1) 
over any field. 


After H and k are different insert and neither contains the other 


ERRATA IN BLOCK III (Units 13-16) 


Code Page Location 


Correction 


Solutions E 47 1st paragraph of 
Solution 14.2.6(iv) 


E 52 3rd sentence of 
Solution 16.1.7(ii) 


E 52 2nd sentence of 
Solution 16.2.3 


Tape E Tape commentary 
on Theorem 17.11 
(Unit 13) 


Should be L* has order p so is cyclic. By the Fundamental Theorem 
of Galois Theory, G/L* is isomorphic to the Galois group I(L: k). 
Now L is a splitting field for t? — 1 over k and hence, by Lemma 14.4, 
T(L: k) is abelian. 
Replace by Thus every element of I is algebraic over Q. Since A G C 
the Fundamental Theorem of Algebra shows that there is a field L’ 
with A C L’ CC such that the extensions L: A and L’: A are 
isomorphic. Hence every element of L’ is algebraic over Q, and, by 
definition of A, L' C A. Hence L’ = A. 
Replace by Let the minimum polynomial of œ over Lo be 

t” + anit”! +-+-+ ait + ao 
and put M = k(ao,...,@n—1). Then m is also the minimum polynomial 
of a over M, so a is separable over M and, by Theorem 16.2.2, 
M(a): M is finite and separable. As in Solution 16.1.6(ii), M : k is 
finite. Since M C Lo, M : k is separable. Hence Theorem 16.2.1 applies 
to the chain k C M C M(a) and so M(q) :k is separable. 
On the tape we claim that by using Theorem 2 in the Guide to 
Block III, we can avoid the use of the ‘full might’ of the Fundamental 
Theorem in this proof. This is not entirely true, because the proof of 
Theorem 2 requires the Fundamental Theorem ...! 


10 


Appendix 1 


This is additional material to complete Section 3.1 of Unit 3 (see page 11). 


A homomorphism with domain R{¢] 


Suppose that f,g are polynomials in R[t] and a is an element of R. Then f(a) and 
g(a) are elements of R, so they can be added in R to give f(a) + g(a). Suppose 
that 


O a a E ys bt 
then 
fla)+ gla) = (Zua) + (Z ia’) 
=J (a + bia’ 


because addition in R is commutative and associative. But a; + b; is the coefficient 
of t' in the polynomial f + g, so this last expression is (f + g)(a@). Thus 


Fla + gla) = (f + g)(a). 


In a similar fashion, also using the distributivity of multiplication over addition in 
R, we can show that 


f(@)g(a) = (fg) (a), 


where (fg)(a) denotes the image of a under the function from R to R associated 
with the polynomial fg. 


We restate these results succinctly in the following theorem. 


Theorem 3.1.3. Let R be a commutative ring and let a € R. Then the map 
@: Rit] — R defined by 
$: f — f(a) 


is a ring homomorphism. 


Theorem 3.1.3 tells us that if we have a polynomial equality, such as 


F(t) = a(t)g(t) + r(t), 


where f,q,9,7 € Rit], then we are quite justified in ‘substituting a for t’, where 
a € R, to obtain the equality 


f(a) = a(a)g(a) + r(a) 

in R. 

We can extend Theorem 3.1.3 a little. If 
Ce at 

then the element f(a) may be defined as 
fay = SE aia’ 


whenever a and the coefficient a; belong to the same ring. Thus if f € R[f] and $ 
is a ring containing R, the polynomial f defines a function from S to S by 


Ci 5 ait. 


Thus we have the following. 


Corollary 3.1.4. Let R be a subring of a commutative ring S and let a € S. 
Then the map @: R[t] — S defined by 


b: f — fla) 


is a ring homomorphism. 


11 


Appendix 2 


This material is to be substituted for the whole of page 35 of Unit 3. 


However, the function 
$:Q— Qli/I 
d:aroatl 


is a ring monomorphism, so we can think of Q as a subfield of Q[é]/I and ignore 
the distinction between the elements 


a€Q and a+Je Qftj/I. 
Now the result of Problem 3.6.1(vi) becomes 
#-2=0, 


so that we have enlarged, or extended, Q to the field Q[t]/Z, which we shall now 
call F, such that F does contain a zero of the polynomial 


—2 in Ff). 
Also, Problem 3.6.1(v) can now be interpreted as showing that 
F={a + a8 + AE Q}. 


Writing the elements of F' in this form, you may check that the result of Prob- 
lem 3.6.1(iv) can be obtained simply by replacing 6° by 2 wherever it appears. 


Compare this field F with the following subset L of R: 
L= {ao + ar Y2 + az VA}. 


This is certainly a subset of R which contains a zero, V2, of t? — 2. Now you should 
check that L is a subring of R, and you will see that the addition and multiplication 
processes are identical with those for F', the only difference between the two rings 
being the replacement of 8 by 3⁄2. This suggests that the two rings are isomorphic. 
Since we know that F is a field, this means, as we shall prove in Unit 5, that L is 
a subfield of R isomorphic to F. 


The idea of extending a field is the main topic in Unit 5, although this example 
will reappear in Unit 4. 


Problem 3.6.2 


(i) Let a= V2 + V3. By calculating a? and a4, find a polynomial m of degree 4 
in Q[t] such that m(a) = 0. 


(ii) Prove that m is irreducible in Q[é]. 


(iii) Let I = id(m). Show that every element of Q{é]/I can be written (with the 
identification of Q as a subfield of Q{t]) uniquely in the form 


ao + 418 + a2? + a3 (3°, 
where a; € Q and 
b=t+I. 


(iv) Show that £ is a zero of m. 


So here again we have a field 
F = {ap tabt anf” + 038° : a; € Q} 
which contains Q and, putting a = /2 + V3 and 
M = {ap + aa + a20? + aza? : a; € Q}, 


we also have a subset M of R which contains Q. Replacing 8 by a gives a ring 
isomorphism from the field F to M,so M is another subfield of R. 


12 


We shall return to this example in Unit 4. 


Summary. Given an irreducible polynomial m in K[t] with Om > 1, we know that 
m does not have a zero in K. However, we can ‘extend’ K to the field K[t]/(m) in 
which the polynomial m does have a zero. 
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1. M433 Study Calendar 


As most of you will already have noticed, the M433 Study Calendar for 2002 was 
unfortunately printed without the column that advises you when to study each 
unit. 


We apologise for any inconvenience, and the suggested study pattern is as follows: 


Study week Date commencing Course units 
1 Febuary 2nd il 
3 Febuary 16th 2 
5 March 2nd & 
7 March 16th 4 
9 April 6th 5 
11 April 20th 6 
13 May 4th 7 
15 May 18th 8 
17 June 1st 9 
19 June 15th 10 
21 June 29th 11 
23 July 13th 12 


25-31 July 27th to September 7th Units 13-16 to be 
studied in any order 


SUP 694353 


Stop Press 


TMAs: 


TMA 01 Part 1 Cut-off date, 27th February (Units 1 and 2) 
TMA 01 Part 2 Cut-off date, 17th April (Units 3-5) 


TMA 02 Cut-off date, 29th May (Units 6-8) 
TMA 03 Cut-off date, 24th July (Units 9-12) 
TMA 04 Cut-off date, 17th September (Units 13-16) 


2. Unit 6 Errata 


The information given on page 2 of Unit 6 regarding the positioning of TMAs 02 
and 03 which is repeated in the text on page 4 should be ignored. The course 
material covered by these, and other TMAs, is as described in the Assignment 
Booklet. 


3. M433 Handbook & Examination 


You are permitted to take your Handbook into the Examination. The text as 
printed may be supplemented by handwritten highlights (for example by a high- 
lighter pen or by ringing, underlining or sidelining), and by corrected typographical 
errors. The addition of comments, marginal notes, notes in the blank spaces at the 
end of paragraphs and pages or on fly-leaves is not permitted. 


4. Corrections to Stewart Lemma 14.2 


Some proofs are notoriously difficult to get right, as you no doubt will have found. 
If it is any consolation to you, you are not alone in finding proofs difficult. The 
original edition of Stewart had problems with the proof of Lemma 14.2. Over the 
years that M333 ran, the OU gave several alternative proofs, each of which was still 
flawed. Perhaps it was one of these on which Ian Stewart based the proof in the 
Second Edition. Anyway, despite all of our best endeavours, the proof of Lemma 
14.2 given in the Second Edition of Stewart is still not correct. 


The two lemmas which follow were provided by M433 tutor Dr. Alan Pears as a 
replacement. 


Lemma 1 


Suppose that L : K is a finite normal extension where charK = 0 and that M = L(a) 
where a? € L, p prime. Then there is an extension N : M such that N : Lisa radical 
extension and N : K is a finite normal extension. 


Proof 


Put G = [(L: K) and note that G is finite and that its fixed field is K. Suppose that 
a? =a € L and let N be the extension of M obtained by adjoining the following 
elements to L. Firstly, adjoin £, where 


eh er ae 
Next for each @ € G, adjoin an element Bz, where 
p = (a). 


Note that for the identity 1 of G, we may choose 6} = a. 
Note also that the definition makes N : L a radical extension. 


The polynomial 
f=T[@-¢@) 
EG 
in L[t] splits in N since, for each ¢ € G, 
t? — $(a) = (t — By) (t — eBy)... (t — €? 1 By). 


Thus N is a splitting field for f over L, since any field over which f splits must 
contain at least € and all the pgs- For each w € G there is an induced homomor- 
phism 


ap: Lit] — Lit] 


and for y € G 
WG) = [[ @ -446@) =F, 
EG 


since {4¢ : ġ € G} = G. Thus each coefficient a; of f is fixed by all elements of G 
and so lies in the fixed field K of G. Hence f lies in Kt]. The polynomial f over 
K splits in N. 


By Theorem 8.4, L is a splitting field for some polynomial g over K because L: K 
is a finite, normal extension. Hence N is a splitting field for gf over K and so, by 
Theorem 8.4, the finite extension N : K is normal. a 


Lemma 2 


If L: K is a radical extension where chark = 0, then there exists an extension 
M : L such that M : K is a normal radical extension. 


Proof 
Let L = K (a1, a2,..., œp where oP) € K and 
af) € K(a4,...,0:-1), fori > 2, 
and p(1),...,p(k) are primes. The result will be proved by induction on k. 
The result is true for k = 1 by applying Lemma 1 with L = K and M = K (a1). 


Suppose the result is true for k = m, and suppose that L = K(a1, @2,--.,Qm41) 
where of) EK, ab) E K(ay,Q2,...,a;-1) for i > 2 and p(1),...,p(m-+1) are 
primes. Put 


L' = K (a4, 02)..., 0m), Om41 =a and p(m+1)=p. 


Then L = L' (a) where a? € L'. By the induction hypothesis there exists an exten- 
sion M’: L’ such that M’: K is a normal radical extension. Let u be the minimum 
polynomial for a over L’ and let v be an irreducible factor of u considered as a 
polynomial in M’(t). By Theorem 3.5 there exists an extension M’(8): M’ such 
that v(@) = 0. Since u(8) = 0 and L = L'(a) where p is the minimum polynomial 
for a over L’, there is an L'-monomorphism i: L — M'(8) such that i(a) = 6. If 
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To avoid subscripts on 
superscripts, we are using 
p(1) etc., rather than pi, etc. 


we now identify elements of L with their images under i, we can suppose that L is 
a subfield of M’(8) and we have the following diagram of field inclusions. 


M'() 
va S 
L= Lp) M’ 
N A 
Je? 
+ 
K 


Noting that 6? € L’ C M’, apply Lemma 1 to the finite normal extension M’: K 
and M’(@) to conclude that there is an extension M : M’(8) such that M : M’ is 
a radical extension and M : K is a normal extension. Since M : M' and M’: K 
are radical extensions, M : K is a normal radical extension. This completes the 
induction step and hence the proof of Lemma 2. E 


The only remaining change is that the first five lines of the proof of Lemma 14.1 
on page 132 of Stewart should be replaced by the following. 


Let Ko be the fixed field of T'(L : K). Since M : Ko is radical, by Lemma 2 
there exists an extension N :M such that N : Ko is a normal radical 
extension. By Lemma 14.5, T(N : Ko) is soluble. 


5. Additional Errata 


(a) Errata to Solutions to Specimen Paper 1 
Page Location Correction 


Question 9 line 9 We do know that y5 ¢ Q(i), but not quite for the given reason, 
Q(V5) # Q(V5,7). Better reasons are that if v5 did belong to Q(i), then 
by a Degree Theorem argument we could conclude that Q(V5) = Q(z); but 
then i € Q(1/5) C R, which is impossible. 


Question 12 part (ii) The expression (2m — 27/204) should be (m — 27/204) throughout. 
(b) Erratum in Stop Press 1 
Page Location Correction 
12 line 13 Should begin f(a) +{}... 


6. M500 Society Study/Revision Weekend 


The 28th annual M500 Study/Revision Week-end, organized by the M500 Society, 
will run from Friday evening to Sunday afternoon, 13 -15 September 2002, at Aston 
University, Birmingham. Most maths-related courses are covered, including this 
one, and tuition is given by OU staff. Classes for this course run throughout the 
week-end, covering all the topics you need for the exam. It’s a splendid opportunity 
to consolidate your coursework, to get started on your revision, and to meet other 
students. 


Estimated prices for tuition and full board (two nights) are £130 en-suite, and £110 
standard. There are 450 en-suite places and 300 standard places for residents. For 
those within commuting distance, there are non-residential, tuition-only places (no 
meals provided) at £55. There is a discount of £10 on those prices for current 
members of the M500 Society. 


Bookings open at the end of March, and close on Monday 26 August. The event is 
likely to be over-subscribed, so please book early to avoid disappointment. For full 
details and a booking form, send a stamped, addressed envelope to: 


Jeremy Humphries 
M500 Week-end 2002 
36 Penmanor 

Finstall 

Bromsgrove B60 3BZ. 


Or visit the website at http:/ /freespace.virgin.net /jeremy.humphries/sept.htm 


Please mention your course in all enquiries, as there maybe specific information to 
send you. 


The M500 Society is a mathematical society for OU students. Annual membership 
is £10. For details and an application form to join, send an SAE to: 


Glenda Franklin 
M500 

16 Warbank Close 
Alvechurch 
Birmingham B48 7PA. 


7. Postgraduate Courses in Computing 


Why not continue your OU studies in computing at postgraduate level? The OU 
provides postgraduate level, professional development courses in computing, in its 
successful Computing for Commerce and Industry programme. The programme 
is recognised as being very effective for staff development - 60all or part of their 
course fees paid by their employers. 


The courses are also recognised for CPD by the British Computer Society. The 
Project Management course is accredited by the Association for Project Manage- 
ment (APM). 

Courses offered include 

e software engineering 

e architectures of computing systems 

e project management 

e user interface design and evaluation 

e object-oriented software development 

e software development for networked applications using Java. 

e relational database systems 

e distributed applications and e-commerce 

Courses have credit ratings of 15 or 30 points, and successful completion of 120 
points of study results in the award of a Postgraduate Diploma. (You can also 
select courses from the Manufacturing:Management and Technology programme, 
or from the OU Business School to contribute towards a Diploma.) Once you have 


obtained the Diploma, you are eligible to register for the Project and dissertation 
module, which leads to a Master of Science degree. 


You can obtain further information about the programme, and the related pro- 
gramme of manufacturing courses, by contacting the Course Information and Ad- 
vice Centre, PO Box 222, The Open University, Walton Hall, Milton Keynes MK7 
6YY (Telephone 01908 653231) or viewing the CCI web site at http://cci.open.ac.uk 


8. Diploma in Mathematics 


The Diploma in Mathematics is offered to all students who have passed M203 
Introduction to Pure Mathematics and MST207 Mathematical Methods, Models 
and Modelling (or its predecessor, MST204. NB MST204 may be counted towards 
the Diploma until 2002). 


The award can be retrospective and can be claimed only if you have passed both 
M203 and MST207/MST204. M201 and M202 cannot be counted towards the 
Diploma. 


For further information, please contact the Awards and Ceremonies Centre, P.O. 
Box 123, The Open University, MK7 6DQ, telephone 01908 653003. 


9. MMath Degree 


The Open University MMath (award code M01) is to be withdrawn at the end of 
2005. 


This decision has been taken in response to the introduction of new National Qual- 
ifications Frameworks for higher education. The OU MMath does not currently 
fit the guidelines contained in the frameworks and the Mathematics and Comput- 
ing Faculty has decided that in view of its other priorities it cannot provide a 
re-structured MMath award within the recommended timescale. It is with regret, 
therefore, that we will cease to offer the award. 


If you are sufficiently advanced in your studies to qualify for the MMath by 31 
December 2005, you will be able to receive the award. 


If you have courses linked to the MMath but are not going to complete the MMath 
requirements by the end of 2005, you cannot progress to a higher qualification 
beyond the Honours Degree in Mathematical Sciences by taking courses in the un- 
dergraduate programme. The Honours Degree in Mathematical Sciences is similar 
in structure and content to the MMath, differing only in that it requires completion 
of 360 points in total of which 120 must be at Level 3 (as opposed to 480 points 
and 240 points respectively for the MMath). Details of this award can be found in 
your Undergraduate Certificates, Diplomas and Degrees newspaper or on the OU 
Courses and Qualifications website at http://www3.open.ac.uk/courses/ 


Alternatively you may wish to consider our taught MSc in Mathematics programme 
which offers a more advanced level of study. 


If you have any questions about your ability or eligibility to complete the MMath 
or wish to seek course or award choice advice in the light of this announcement, 
please contact the Awards and Ceremonies Centre in the first instance. 


10. Past Examination Papers and other services from 
OUSA 


OUSA (Services) Ltd. continues to offer a comprehensive range of past exam- 
ination papers for Mathematics and Computing courses. For most courses a set 
of the previous four years papers are on sale (but only if the course has been in 
presentation for that number of years). Papers cost £2.50 for one or two papers 
(minimum order £2.50) 


In addition to this OUSA (Services) Ltd. also offers a wide range of faculty spe- 
cific products. The range for the Faculty of Mathematics and Computing includes:- 
Clipboard Folder £5.25 
OU Sweat shirt (Medium, XL) £20.50 


M206 T-shirt (XL only) £10.00 
Postcard 20p 
Mouse mat £4.25 
UK Postage & Packing £3.00 


Student membership cards, offering discounts over a range of products/services, 
can be obtained by sending a passport-sized photograph and student details to the 
address given below. 


For an order form and full details of these products and other faculty ranges avail- 
able 01908 654995 or write to OUSA (Services) Ltd., PO Box 397, Walton Hall, 
Milton Keynes, MK7 6BE or Fax 01908 654326. 


You can order Past Exam Papers in the following ways: 


By Post enclosing your cheque, credit/debit card including the expiry date to: 
OUSA (Services) Ltd, FREEPOST MK281, Milton Keynes, MK7 6DE. By Fax 
on 01908 654326 including your credit/debit card details and course presentation 
required. In order to maintain an efficient service, OUSA (Services) Ltd 
cannot take telephone orders for past exam papers. Please allow 28 days 
for delivery during the run up to examinations. 


11. Changes to the examination paper rubric 


Please note that from 1998 onwards you will no longer be asked to write your name 
on the front of any examination answer paper. You should, however, ensure you 
write your personal identifier and examination number on each answer book used 
as failure to do so will mean that your work cannot be identified. 


If your course has a specimen examination paper the rubric on it may not have 
deen updated to reflect the above change in policy. 


12. Sending TMAs and CMAs 


When you send in a TMA or CMA you are strongly advised to keep a copy for your 
own records. Please use A4 paper for your TMAs, and put your name and student 
number on each page, and number the pages. TMAs should not normally be sent 
using Recorded Delivery, but please ensure that the postage covers the weight of 
your envelope and contents. It is recommended that you obtain proof of posting. 


N 


13. Stanley Collings Memorial Prize 1999 


Stanley Collings was a member of the Mathematics Faculty (as then was) from 1969 
until 1981, as a statistician and geometer. He took great delight in problems with 
a novel twist to them. Never mundane, those he composed were always intriguing 
and — above all — fun to solve. In his honour, we invite you to submit a problem 
(or a suite of related problems) of your own which, whilst not necessarily wholly 
original in content, should be presented in an interesting setting. The problems will 
be judged according to all of the following criteria: 


e attractiveness and interest in the way in which the problem is posed; the 


judges particularly stress the need for the problem to be presented in a pleasing 
manner; 


e suitability of the problem for its potential solvers; 


e clear explanation of mathematical concepts inherent in the problem and of the 
thinking processes involved in its solutions; 


e development of the idea behind the problem and some suggestion as to how it 
might be generalised, extended, or varied. 


The winning entry will be awarded a prize of £100 and its composer will be notified 
early in 2003. 


Participants should note the following regulations. 


e Entry is restricted to those studying an Open University mathematics course 
(i.e. a course with an M in its code) in 2002. 


e All entries should be accompanied by an Entry Form (see below). 


e Entries should indicate who the problem is intended for (e.g. school children 
year 7-8, MST121 students, etc). 


e Participants should provide a solution or an indication of a method of solution, 
where appropriate. 


e Entries are expected to be no more than about four sides of A4 in length, and 
should be legible. 


e Entries will become property of the Open University and may be posted on 
the Web. 


e The judges’ decision will be final. 
Please send your problem, together with this Entry Form, by 31 December 2002, 


to Stanley Collings Memorial Prize, Courses Office, Mathematics and Computing 
Faculty, The Open University, Walton Hall, Milton Keynes MK7 6AA. 


STANLEY COLLINGS MEMORIAL PRIZE 2002 — ENTRY FORM 


Please write in capitals 
Full name 


Student number Current course(s) 
Address 


Daytime telephone number 


Title of problem 


Age and experience of intended solvers 


I wish/do not wish* my e-mail address to accompany my entry if it is posted on 
the Web: e-mail address: *please delete as necessary 


